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indices (now I , 2, 3) or we may have 0, which is  the code 

for " stop" (se e  the 1-line of Card 3 ).
The Turing machine operates on a potentially both-ways in

finite tape, divided into squares, each of which contains a 0 or 1* 

At any moment, one of these squares is  scanned, and one of the 

cards is  " in  control" in the sense that the instructions on that 

card are to be executed*
The figure below shows a situation where Card 3 is  in con

trol and a 0 is  sicanned (the * . .  at either end means that a ll squares 

not shown contain 0 's ) •

• •

Now let us start on an a ll-0  tape with its Card 1 the Turing 

machine described above* We find that we receive die stop in
struction after four shifts; the final tape situation is  as follows:

t o  m i  I T T •  •  •

Next, consider another 3-card Turing machine given below.

CARD 2CARD f
0 1 1 2
1 1 0 3

0
1

i  o i  
1 1 2

CARD 3
0
1

1 0 2 
1 1 0

Starting this machine on an a ll-0  tape with its Card 1, we find 

that the stop instruction is received after 13 shifts. The final 

tape situation is

" •  1 0 1 1 1 1 I 1 f 1 I 1 { 1 f 0 1 . . . .
9

As a last illustration, consider the 3-card Turing machine 

on the following page*
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CARD 1 CARD 2 CARD 3
0 1 1  2 0 1 0 3 6 1 0 1
1 1 1 0 1 1 1 2 1 1 0  3

Starting this machine on an a ll-0  tape with its Card 1, we findafter  

a while that the machine fails to reach the situation required for 

stopping ( see the 1-line of Card 1). Now the question i s : w ill 
this machine ever stop ? To get better insight, it is  convenient to 

use die following diagram for the "operating record" of the Turing 

machine,

0,

2 * 

*2



This diagram is  obtained by showing the successive tape situations 

individually; it is  very suggestive in formulating conjectures about 
the behavior of a machine. Each row of the diagram shows the 

tape only to the point, (right and le ft) beyond which the tape con
tains 0*s only. The subscripts in the various squares show the 

index of the card in control. The previous diagram shows the op

erating record through the first twenty shifts.
Looking at the operating record, we note that the tape s it

uations which are framed there show a certain sim ilarity; and so  

we surm ise that the machine is  in a "loop11 and hence w ill never 

stop. We shall return to this point later on. For the moment, 
we m erely observe that it may be difficult ( or even im possib le) 
to determine by inspection whether or not a  given machine w ill 

ever stop.
As shown in the preceding discussion, the Turing machine,

CARO 1 CARD 2 CARD 3
0 1 1 2 0 1 0 1 0 1 0  2
1 1 1 3 1 1 1 2 1 1 1 0

(started on an a ll-0  tape with its Card 1) prints two ones on the 

tape by the tim e it stops. On the other hand, the Turing machine

CARD 1 ) CARD 2 CARD 3
0 1 1 2 0 1 0 1 0 1 0  2
1 1 0 3 - 1 1 1 2 1 1 1 0

prints out s ix  l*s by the tim e it stops. The following problem  
arises: consider, for a fixed positive integer n , the c la ss  

of a ll the n-card binary Turing machines (with the card format 
described ab ove). Let M  be a Turing machine in this c la ss  
K^. Start M, with its Card 1, on an a ll-0  tape. If M stops 

after a w h ile , then M is  term ed a "valid entry" in the BB-n



contest (the n-card classification  of the Busy Beaver logical game), 

and its score (T(m) is  the number of l ' s  remaining on the tape at 

the time it stops. Since Kn is  a finite c la ss  (the number of n-card  

binary Turing machines is  ea s ily  seen  to be [4( n + 1) ] ̂  n , the 

number of valid entries in the BB-n contest is  a lso  finite. Hence, 

the scores of these valid entries constitute a non-empty finite set  

of non-negative integers, and thus this set has a (unique) largest  

element which we denote by £ (n ), to stress that this largest e l

ement depends upon the card-number n • It is  practically trivial 
that this function ]T(n) is  not general recursive ( see T. Rado 

[2] ,  [3] ) • On the other hand, it may be possible to determine 

the value of £(n) for particular values of n. It has been con
jectured that £ (3 ) s  6 ,  The problem mentioned above is  to decide 

whether o t  not this conjecture is  valid,
' The solution of this quite special problem was attempted by 

several competent mathematicians and program m ers, by means 

of increasingly elaborate computer programs* The first definite 

solution is  contained in the present work. After some experiment
ing, one w ill readily observe that the crux of the matter i^  for 

any card number n ,  the determination of the function SH(n) de

fined as follow s. Each valid entry M in the BB-n contest per

forms a certain number s(M). of shifts by the tim e it stops; the 

function SH(n) is  the maximum of s(M) for a ll valid entries in  

the BB-n contest. As shown in [2] , die function SH(n) is  not 

general recursive either. . However, if  for some particular value 

of n the value of SH(n) can be determined, then for the same value 

of n the value of ]T(n) can also  be effectively determined. Indeed, 
we m erely run each n-card machine ( starting with Card 1 on an 

a ll-0  tape) through more than SH(n) shifts; w e note the scores  

of those that stop, and die largest one of these scores is  then ]£(n).



On the basis of extensive computer experim ents, it has been con

jectured that SH(3) = 21; and a 3-card Turing machine that shifted 

21 tlines by the tim e it stopped has been found. In the present 

Work, we verify that this conjecture is a lso  valid.
As observed in Chapter I, the main objective in the present 

study of such very special issue is  to throw light upon the contro

versia l issue of the "effective computability" of individual w ell-  

defined integers. It is  our hope that this study w ill suggest further 

work on this basic issu e .



CHAPTER HI 

THE METHOD

The total number of 3-eard Turing machines can easily  be 

seen to be [4( 3 + 1 )]^ or about 17 million* We reduce this num
ber by proper normalization ( see next section for d eta ils) to 

82,944 which is  then divided into four lots* For each lot, our 

computer program first generates the machines and stores their 

conveniently coded descriptions in a table which we ca ll the machine 

table* Then the program finds and discards those machines that 

stop in not more than twenty-one shifts and at the same time takes 

note of their scores and shift numbers (when they stop)* The 

lis t  of the machines that w ere not discarded is  then scrambled up 
in the machine table and die first fifty are printed out (d ie purpose 

is to enable us to observe the behavior patterns of die undecided 

m achines) * Their operating records are then made up and each 

is  examined for some pattern of behavior indicating that the parti
cular machine considered w ill never stop* From these, we ob
served a certain recurrence pattern (called  below die partial r e 

currence ) which we programmed* As a matter of luck ,. it turned 

out that this simple recurrence pattern disposed of a ll but forty 

of the machine si When the operating records of the forty "hold
outs " were examined, it turned out that they a ll showed patterns 

( to be discussed below) which enabled us to decide that a ll the 

forty "holdouts" were never-stoppers* We may stress here a 

certain point of interest*. Even though only forty '* holdouts " were 

left, it was not elear a priori that they can be decided as to whether

10
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they are never-stoppers or not, for a given machine may exhibit 

such a bizarre operating record or exhibit patterns that occur only 

after a prohibitive number of shifts that no human being could be 

expected to decide that it w ill never stop. It is  a lso  entirely con
ceivable that we may have on our hands a machine which is  undecid- 
able for some logical reason. Luckily this did not happen in this 

particular case.. In this manner it was established that those ma
chines that stopped at a ll stopped in no more than twenty-one shifts. 

Since the program showed us a stopper in twenty-one shifts, we con
clude that SH(3) a 21 and the BB-3 problem was solved.

We now proceed to some details of our work.

The four lots
The number of binary 3-card Turing machines is  ( see above) 

(4* 4)^ 9 2^4 s  16,777,216. However, in searching for the actual 

values of £(3) and SH(3), it is  sufficient to consider a subset of 
these machines, obtained by the following considerations. F irst, 
le t us observe that a ll the 3-card machines are of the form

" CARD 3
0 p30830c 30
1 p31s 31c 31

where p^ a 0 or 1 , Sy a 0 or 1 , Cy s  0 or 1 or 2 or 3. Now 

consider one of these machines; denote it by M q  . Suppose M q  is  

a valid BB-3 entry, with a score ( M q )  and shift number s ( M q )  ;  

Let Mq* be the "m irror im age" of Mq; that is ,  the machine ob

tained by replacing ( in  the cards for M q )  each right shift by a left 

shift and each left shift by a right shift. Evidently, M q *  is  again 

a valid BB-3 entry, and <T ( M q * )  = <T ( M q )  , s ( M q * )  = s ( M q )  • Ac
cordingly, we can restrict ourselves to consider those 3-card ma

chines for which

CARD 1 CARD 2
0 | Pl0810C10
1 1 P11811CU

0 1 p20820c 20 
1 | p21821c 21
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(2) s 10 * 1 .

N ex t, w e no te  th a t  if  Mq is  a  v a lid  e n try  su ch  th a t

<3> P10 * P20 * *30 * °*
th e n  d e a r l y  <t(M q) * 0 an d  s(M q) $ 3 .  S ince  w e know th a t  

£ ( 3 )  £  6 an d  SH(3) £  2 1 ,,  su ch  a  m ach in e  c a n  be d is r e g a r d e d  in  

s e a rc h in g  fo r  th e  a c tu a l  v a lu e  of ^ (3 )  an d  SH (3). A c c o rd in g ly , i t  

i s  su ff ic ie n t to  c o n s id e r  3 - c a r d  m ac h in e s  fo r  w hich  a t  l e a s t  one of

**1 0 '  **2 0 '  **30 *8 e<*ua* *° one •' ** *s a *so  c l® ar th a t  ** su ch  a  m a 
ch in e  Mq is  a  v a lid  B B -3  e n tr y ,  th e n  b e fo re  Mo s to p s , a  c a r d  C j w ith  

p ^  * 1 m u s t  hav e  b e en  u se d  i f  th e  s i tu a tio n  CT(Mq) = 0 , s(M Q) $  3 

i s  to  be a v o id ed . Now l e t  C j be  th e  c a r d  of Mq w hich  is  in  c o n tro l  

w hen  Mq f i r s t  o v e rp r in ts  a  1 ;  th e n  p^Q s i .  L e t  Mq* be th e  m ach in e  

o b ta in ed  f ro m  Mq by re n u m b e r in g  th e  c a r d s  o f Mq ( an d  a d ju s tin g  th e  

c a l l  in s tru c t io n s  c ^ .) so th a t  th e  o r ig in a l  c a r d  C^ is  r e -n a m e d  C ^ , 

C le a r ly  C T ( M q ')  « C T ( M q ) ,  an d  s ( M q )  £  b (M q * )  +  2 ,  A f te r  th is  

m o d ific a tio n , w e c a n  a s s u m e  th a t  

(4) Pl0 * 1. .
N ext, i f  w e have  now c^q  = 0 ,  th e n  c le a r ly  (T(Mq) s  1 ,  s(M q) * 1 ;  

h e n ce  an y  m ach in e  w ith  c^q  = 0 c a n  be d is r e g a rd e d .  S ince  th e n  

C jq  ji 0 ,  by re n u m b e r in g  th e  c a r d s  2 an d  3 of Mq (a n d  a d ju s tin g  the  

c a l l  n u m b e rs  c . . ) ,  w e c a n  a s s u m e  th a t

. ‘5> c 10 * 2 -
F in a lly , i f  now c 2q « 0 ,  th e n  c le a r ly  0*(Mq) 3 2 ,  s(M q) a  2 ,  

H en ce , th e  m a c h in e s  w ith  c 2q * 0 c a n  be d i s r e g a r d e d ,  i n  v iew  of 

(2 | , ( 4 ) ,  (5) w e c a n  th e re fo re  a s s u m e  th a t

(6) P W = 1 .  s l 0 a 1 '  c l 0 * 2 * c 20 ^  0 *
w ith o u t chang ing  th e  a c tu a l  v a lu e  of £ ( 3 ) ,  A s r e g a r d s  SH (3), i t  is  

c le a r  f ro m  d ie  p re c e d in g  c o m m e n ts  th a t  on  deno ting  by SH*(3) th e  

m ax im u m  o f s(M ) fo r  v a lid  B B -3  e n t r ie s  n o rm a liz e d  in  th e  m a n n e r  

show n in  (6 ) ,  th e n  SH(3) = SH*(3) + 2.



N ext, l e t  Mq be  a  v a lid  B B -3  e n try . E v en  though th e r e  m ay  

be s e v e r a l  11 s to p - l in e s  11 in  the  c a rd s  fo r  Mq , c le a r ly  only  one of 

th e  s e v e r a l  s to p  in s tru c tio n s  w ill  a c tu a lly  be u se d . A cco rd in g ly , 

w e c a n  a s s u m e  th a t  e x a c tly  one of c ^ ,  c ^ ^ , c^q* 1b e q u a l to  

z e ro .  F u r th e r m o re ,  th e  sh if t  in s tru c t io n  in  th e  unique s to p - lin e  

of Mq do es no t a ffe c t e i th e r  q-,(Mq) o r  s(M Q) ; h en ce  w e c a n  a s 

sum e th a t  th e  s to p - l in e  o r d e r s  a  r ig h t  sh if t . F in a lly , i f  w e sp e c ify  

th a t  the  s to p - l in e  sh o u ld  is s u e  th e  11 o v e rp r in t  by 1 "  in s tru c tio n , 

th e n  c le a r ly  w e do no t d im in ish  <J (Mq) • H ence , w e c a n  a s s u m e  

th a t  th e  s to p - l in e  h a s  th e  fo rm  1 1 0 ,  Now the  un ique s to p - lin e  

m ay  o c c u r  in  ju s t  fo u r lo c a tio n s ; n a m e ly , a s  th e  1 -lin e  o f .C a rd  1,
o

o r  a s  th e  1 -lin e  o f C a rd  2, o r  th e  0 - l in e  o i 1 - lin e  of C a rd  3. It 

fo llow s th a t the  m ac h in e s  th a t  w e have  to  in v e s tig a te  c a n  be c l a s s i 

fied  in to  fo u r lo ts  a s  fo llow s:

L o t 1

L o t 2

L o t 3

L o t 4

CARD 1 CARD 2 CARD 3
0
1

1 1 2 
1 1 0

0
1

P20S2 0 g
P21S2 1 ^ °

0
1

P30830 2 !  
p 3183 1 * °

CARD 1 CARD 2 CARD 3
0
1

1 1 2 
P n 6 ! ! ^ 0

0
1

P2082 0 * °  
i  i  o

0
1

p 30830 2 ?
p 3183 1 ^ °

CARD 1 CARD 2 CARD 3
0
1

1 1 2  
p i  i s  l i * 40

0
1

P20S2 0 * °
p 21s 21

0
1

1 I 0
p 3 , b 3, *0

CARD 1 CARD 2 CARD 3
0
1

1 1 2 
P U S1 1 ^ °

0
1

P20S2 0 ^ °
p 2182 1 ^ °

0
1

*30*30*° 
1 1 0
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A s im p le  c o m p u ta tio n  show s th a t  th e  n u m b er of m ac h in e s  in  

each  one of th e s e  lo ts  is  e q u a l to ' 2 0 ,7 3 6 , T hus ( a s  f a r  a s  £](3) 

is  c o n c e rn e d )  i t  is  su ff ic ie n t to  in v e s tig a te  th e  4 * 2 0 ,7 3 6  = 8 2 ,9 4 4  

m ac h in e s  c o n ta in ed  in  th e  fo u r lo ts .  A s r e g a rd s  SH(3), a  l i t t le  

m o re  w o rk  i s  invo lved ; w e s h a ll  r e tu r n  to  th is  p o in t l a t e r .

In  th e  n ex t se c tio n , w e p ro c e e d  to  o u tlin e  the  p ro c e d u re s  We 

fo llow ed  in  t r e a t in g  th e s e  fo u r lo ts .

D e sc r ip tio n  of th e  
c o m p u te r  p ro g ra m

E ach  in d iv id u a l T u rin g  m ach in e  is  id e n tif ie d  fo r  th e  p u rp o se  

of th e  p ro g ra m  a s  fo llo w s. E ac h  lin e  of the  T u rin g  c a r d  is  coded  

in to  a  fo u r b it b in a ry  w o rd  (w ith  the  " c a l l 11 in s t ru c t io n  occupying  

tw o b its  )• T hey  a r e  th e n  p ack ed  in  seq u en ce  f ro m  the Online of 

C a rd  1, 1 -lin e  of C a rd  1, to  th e  1 -lin e  of C a rd  3 in to  a  s in g le  m a 

ch ine  w o rd . T h is  e n a b le s  u s  to  id en tify  e ac h  m ach in e  in  te rm s  of 

a  s in g le  w o rd . F o r  ex am p le , th e  m ach in e

CARD 1 CARD 2 CARD 3
0 1 1 2 0 1 0  3 0 1 1 1
1 1 1 3 1 1 1 0 1 0 0 2

is  co d ed  a s

L i  . , i  J 0 | 1 1 1 1 1 1 O i l  1 1 0 0 i 1 1 0 1 0 0 1 0

F o r  conven ience  we a ls o  u se  the  o c ta l r e p re s e n ta t io n  o f th is  b in a ry  
n u m b er in  r e f e r r in g  to  the  T u rin g  m a c h in e . T hus we id en tify  the  

above m ach in e  a ls o  by i ts  11 s e r i a l  n u m b er " 73736322, S ince the  

n u m b e r of m ac h in e s  in  e a c h  lo t  is  s t i l l  too  la rg e  to  code by h an d , we 

g e n e ra te ' th e s e  m ac h in e s  in  o u r c o m p u te r  p ro g ra m  by a  g e n e ra liz e d  

coun ting  p r o c e s s  and  s to re  th e m  in  a  m ach in e  ta b le . F o r  e ac h  m a 

ch ine  in  a  fixed  lo t, w e have  tw o fix ed  l in e s ,  n a m e ly  th e  0 - lin e  of 

C a rd  1, 112 (c o d e d  1110) an d  th e  s to p - l in e  110 (c o d e d  l i 0 0 )
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w hich occupy the sam e  b it p o s itio n s  in  e v e ry  T u rin g  m ach in e  coded 

in  the  lo t.  T h ese  a r e  s e t  up f i r s t  in  the  s to ra g e  lo ca tio n s  a ss ig n e d  

fo r  the  m ach in e  ta b le . E ach  of the fou r o th e r  l in e s  c a n  have  tw elve 

p o ss ib le  c a s e s .  The p ro g ra m  s e ts  up th e se  tw elve  c a s e s  of one line  

in  the  c o rre sp o n d in g  b it  lo ca tio n s  and  " o r 'a  11 th e m  in to  th e  m ach ine  

ta b le  co n sec u tiv e ly , re p e a tin g  th is  p ro c e d u re  1728 t im e s . T hen  th e  

second  line  is  s e t  up , th is  tim e  w ith  each  c a se  re p e a te d  tw elve  tim e s  

and  the  w hole co n fig u ra tio n  of 144 e n tr ie s  re p e a te d ly  or*ed in to  the  

m ach ine  tab le  144 t im e s . The th ird  lin e  i s  s e t  up w ith  each  c a se  

f i r s t  re p e a te d  144 t im e s  and th e  w hole co n fig u ra tio n  of 1728 e n tr ie s  

re p e a te d ly  o r ’ed in to  the  m ach ine  tab le  tw elve  t im e s . F in a lly , the  

l a s t  lin e  is  s e t  up w ith  each  of th e  tw elve  p o s s ib il i t ie s  re p e a te d  1728 

tim e s  and  o r  *ed in to  the  m ach ine  ta b le . In  th is  w ay a l l  p o ss ib le  m a 

ch in es  in  a  lo t a r e  ob tained  and  th e ir  coded  d e sc r ip tio n s  in  th e  m a 

ch in e  tab le  a r e  now re a d y  fo r  ex am in a tio n .

P re v io u s  w o rk  on the  B B -3  p ro b le m  led  to  the  c o n je c tu re  

th a t SH(3) s  2 1 . We th e re fo re  s im u la te  th e  o p e ra tio n  of each  T u rin g  

m ach in e  in  the  fo u r lo ts  th rough  tw en ty -one  sh if ts  in  ou r co m p u te r .

If  a  m ach ine  s to p s  in  le s s  th a n  o r  eq u a l to  tw en ty -one  sh if ts , its  

sh if t-n u m b e r  and  s c o re  a r e  noted  in  a  tab le  an d  th e  m ach ine  is  th e n  

d is c a rd e d . I t is  ou r hope th a t we c a n  show la te r  th a t a l l  th o se  m a 

ch in es  th a t do no t s to p  in  le s s  th a n  o r  e q u a l to  tw en ty -one  sh ifts  

w ill  n e v e r s to p . F u r th e rm o re , d e sc r ip tio n s  of m ach in es  th a t  s c o re  

s ix  ( o r  m o re )  o r  sh ifted  tw enty  o r  tw en ty -one  t im e s  a re  p r in te d  

ou t. T he s ta t i s t ic s  c o llec ted  re v e a ls  the  follow ing: in  a l l  four lo ts ,  

w e have  2 6 ,073  s to p p e rs  in  le s s  th a n  o r  e q u a l to  tw en ty -one  sh ifts  

( ou t o f a  to ta l  of 8 2 ,9 4 4 ) , five m ach in es w hich s c o re d  s ix , one m a 

ch ine w hich  sh ifted  tw en ty -one  t im e s  and  tw o m ach in es  th a t  sh ifted  

tw enty  t im e s  ( se e  F ig u re s  1 and  2 fo r th e i r  d e sc r ip tio n s  ).

In  o rd e r  to  red u c e  f u r th e r  th e  m ach ine  ta b le  s iz e , w e d is c a rd  

a l l  m ach in es  in  L o t 1 w ith  nq l* s  in  th e  " c a l l "  p o s itio n s  of C a rd s  2
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1 1 1  i 3 i  1  . 1  1  1  1  1 2 1 1  1  1  1  1  1 3 1 1  1  1  1  I 3 I O j l  1  1  1  1

1  1  l j i  1  1 1  1  1  l j l  1 1  1  1  1  i 2 o  1 1  1  1  1 2 1  1 1  1 2 1  1  1  1

1 1 1  i 0 i  1 1 1 1 1  1 0 1 1 1  1 1 1  0 0 1 1  1  1  1  1 0 1 1  1  1 0 1  1  1

14 s h i f t s 15 s h i f t s 15 s h i f t s 12 s h i f t s 11 s h i f t s

1 1 2
1 1 0

0 1 3  
1 1 2

1 0  3 
1 0  1

1 1 2  
1 0  3

1 0  1 
1 1 2

1 0  2 
1 1 0

1 1 2
1 1 3

1 0  3  

1 1 0
1 1 1  
0 0 2

1 1 2
1 1 1

1 0  3  

1 1 0
1 1 1
1 0  2

1 1 2  
1 0  3

1 1 3
1 1 0

1 0 1  
0 0 2

Figure 1 . — Score champs and th e ir  op era tin g  rec o rd s.
• t
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Ol
1 o2 
121

x5 
O il 
1 12 
1 0 03 
1 O jl 
l j l  1 

0-lI 1 1 
1 l i l  1 
1 0 131 
1 0 ^  1 
1 1 121 
1 1 0 13 
1 1 0 ^
1 1 1 12 
1 1 1 0 03 
1 1 1 031 
1 1 ljl 1 
1 ljl 1 1 
1 1 In i 1

Ol 
1 02
13

Oil 
1 12 
1 0 03 
1 Ojl 
ljl 1 

Ojl 1 1 
1 121 1 
1 0 131 
1 OjlI 1 
1 1 121 
l l O l j  
1 1 Oil 
■1 1 1 12 
1 1 1 0 03 
1 1 1 031 
1 1 ljl 1 
1 lil 1 1 
1 1 101 1

1 1 2
1 1 0

1 0  2 
0 1 3

1 0 3  
1 0  1

1 1 2
1 1 0

0 0 3 
0 1 3

1 0  3 
1 0  1

Ol.
1 02 
1 0 o3 
1 031 
ljl 1 

OiO 1 1
1 o2i 1
1 0 ljl 
1 OjO 1
1 l o2i 
1 1 0 13 
1 l'Oi 
1 1, 1 o2 
1 1 1 0 03 
1 1 1 031 
1 1 ljl 1 
1 llO 1 1 
111 0 1 1 

Oil 1 0 1 1
1 121 o i l  
1 1 100 1 1

°1 C2 C3 "
0 1 1 2 o i: 3 1 0  3

1 0  1 1 1 0 0 0 1

The 21 s h i f t e r  20 s h i f t e r  20 s h i f t e r

F igure 2 . ~  High s h i f t e r s  and t h e i r  o p e r a tin g  r e c o r d s .
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an d  3, an d  a l l  m a c h in e s  in  lo ts  3 and  4 w ith  no 3*s in  the  " c a l l "  

p o s itio n s  o f C a rd s  1 and  2. T h ese  a r e  obvious n e v e r - s to p p e r s  

s in c e  th e  s to p - l in e s  c a n  no t be re a c h e d . In  a l l  fo u r  lo ts ,  27, 774 

of th e se  m a c h in e s  a r e  d is c a rd e d .

The n ex t s te p  in  th e  in v e s tig a tio n  is  to  d is c a r d  th o se  n e v e r - 

s to p p e rs  w hich  ex h ib it a  r e c u r r e n c e  p a tte rn . T he id e a  m ay  be d e 

s c r ib e d  b r ie f ly  a s  fo llo w s. Suppose we o p e ra te  a  g iv en  T u rin g  m a 

ch in e  M a n d  o b se rv e  th a t  C a rd  i  s c a n s  a  tap e  sq u a re  Sm  co n ta in in g  

th e  d ig it d a f te r  m  s h if ts .  L a te r ,  suppose  the  sa m e  C a rd  i  sc an s  

a  sq u a re  Sn  c o n ta in in g  th e  sa m e  d ig it d  a f te r  n  s h if ts .  If, r e la t iv e  

to  th e  sc an n e d  s q u a re s  Sm  and  Sn , th e  tap e  co n d itio n s in  both in 

s ta n c e s  a r e  id e n tic a l, i t  is  c le a r  th a t  th e  sa m e  p a t te r n  o f o p e ra tio n  

m u s t  r e p e a t  f ro m  th e n  on  and  h e n ce  the  T u rin g  m ach in e  M is  a  

n e v e r - s to p p e r .  We c a l l  th is  a  " t o t a l  r e c u r r e n c e  " ( s e e  F ig u re  3 ) . 

F u r th e r  a n a ly s is  r e v e a ls  th a t  w e n eed  no t have  to  c o n s id e r  th e  to ta l  

tap e  co n d itio n s in  m o s t c a s e s .  Suppose th e  s q u a re  Sn  is  to  th e  

r ig h t  of th e  sq u a re  Sm  an d  th a t ,  d u rin g  th e  o p e ra tio n  f ro m  m  sh if ts  

to  n  s h if ts ,  th e  le f tm o s t s q u a re  sc a n n e d  is  S , w hich  i s ,  s a y  k  

s q u a re s  to  th e  le f t  of the  sq u a re  Sm . We c a l l  th e  sq u a re  w h ich  is  

k  + 1 s q u a re s  to  th e  le f t  of Sm  th e  " le f t  b a r r i e r  11 re la t iv e  to  Sm . 

S im ila r ly , th e  le f t  b a r r i e r  r e la t iv e  to  Sn  w ill  be the  sq u a re  w hich  

is  k  + 1 s q u a re s  to  th e  le f t  of the  sq u a re  Sn . I t  is  c le a r  th e n  th a t  

if  th e  tap e  co n d itio n s  to  th e  r ig h t  of th e  le f t  b a r r i e r  r e la t iv e  to  Sm  

a f te r  m  sh if ts  is  id e n tic a l  to  the  tap e  c o n d itio n  to  the  r ig h t  o f th e  

le f t  b a r r i e r  r e la t iv e  to  Sn  a f te r  n  s h if ts ,  th e  sa m e  seq u en ce  of 

o p e ra tio n s  m u s t  r e p e a t  an d  th e  T u rin g  m ach in e  M w ill  n e v e r  s to p . 

We c a l l  th is  a  p a r t i a l  r e c u r r e n c e  p a t te rn .

A s a n  i l lu s t r a t io n ,  c o n s id e r  th e  T u rin g  m ach in e  and  i ts  o p e r 

a tin g  r e c o r d  in  F ig u re  4 , C a rd  2 sc a n s  a  1 a f te r  tw e lve  sh if ts  and  

a g a in  a  1 a f te r  n in e te e n  s h if ts ,  d u rin g  w h ich  th e  p o r t io n  of the
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Turing m achine

CARD 1 CARD 2 CARD 3
0 1 1 2 0 0 1 3 0 1 0 1
1 1 1 0 1 1 0  2 1 0 1 2

O p e ra tin g  r e c o r d

Ol

02

02 
1 03 
Oil

2 

3 

°2
2

3 

02

02
°3  

Oil 
1 12 
i 2i  «e

o2i 1
i 3i

12
021

o2
°3

Oil 
1 * 2  
1 2 1 <T

a f te r  9 sh if ts

a f te r  19 sh if ts

a f te r  29 sh if ts

F ig u re  3. - -  O p e ra tin g  r e c o r d  of th e  T u rin g  m ach in e  w hose 
s e r i a l  n u m b er is  73075226 (o c ta l)  show ing th e  to ta l  r e c u r r e n c e  
p a tte rn *
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Turing m achine

CARD 1
0 1 1 2
1 1 1 0

CARD 2 
0 1 1 0  2 
1 0 0 3

CARD 3
o l i o  1 
1 1 1 1

O p era tin g  r e c o rd

Ol
1 02

o3o 1
0x1 0 1 
1 120 1 
i 3°  0 1 
1 OjO 1 
1 1 0 2 1 
1 12 1 1 
130 1 1 
1 0x1 1
1 1 12 1 4-------------  a f te r  12 sh if ts
1 1 ,0  1 
1 1 0x1 
1 1 1 1 ,
1 1 13 
1 1 1 Ox 
1 1 1 1 0 2
1 1 1 1 ,1  <--------  a f te r  19 sh ifts
1 1 130 1 
1 1 1 0  
1 1 1 1  
1 1 1 1

1 1  1 Oj l  
1 1 1 1 12

3
I 1 1 1 Ox
I I  1 1 1  0 2

F ig u re  4. - -  O pera ting  r e c o rd  of the  T u rin g  m ach ine  w hose 
s e r i a l  num ber is  73121635 (octa l) show ing the  p a r t ia l  r e c u r r e n c e  
w ith  le f t  b a r r i e r .
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tap e  to  the  r ig h t  of th e  le f t  b a r r i e r  re la tiv e  to  S ^ »  we see  th a t the 

sam e  sequence  of o p e ra tio n s  m u s t r e p e a t  f ro m  n in e teen  to  tw en ty - 

s ix  sh if ts , and so  on, p ro g re s s in g  to  the  r ig h t .  It is  obvious th e r e 

fo re  th a t th is  m ach ine  w ill n e v e r stop .

If Sn  is  to  the  le f t  o f Sm , we m ay  c o n s id e r  a  r ig h t  b a r r i e r  

s im ila r  to  th e  le f t  b a r r i e r  d e sc r ib e d  above . A n i l lu s t r a t io n  of 

th is  c a se  is  g iven  in  F ig u re  5.

If Sn happens to  be the  sam e sq u a re  a s  Sm , w e m ay  u se  

both  th e  r ig h t  b a r r i e r  an d  the  le f t  b a r r i e r .  If th e  p o r tio n  of the  

tap e  betw een  the  r ig h t  and  the  le f t  b a r r i e r s  a f te r  m  sh if ts  is  id e n 

t ic a l  to  th a t a f te r  n  sh if ts , th en  a  r e c u r r e n c e  m u s t a p p e a r  and  the  

m ach ine  w ill  n e v e r  sto p .

N ext, w e c o n s tru c t  a  co m p u te r ro u tin e  to  d is c a rd  n e v e r - s to p 

p e rs  show ing the  r e c u r re n c e  p a tte rn s  d e s c r ib e d  above. F o r  the  

T u rin g  tap e  we u se  a  m ach ine  w o rd  of th i r ty - s ix  b its  w ith  e ac h  b it 

re p re s e n tin g  a  sq u a re  and the  s ta r tin g  sq u a re  a t  b it 18. We fu r th e r  

id en tify  the  s q u a re s  on the  tape  by th e ir  " d e v ia tio n "  f ro m  the  s t a r t 

ing  sq u a re : the  s ta r tin g  sq u a re  h a s  d e v ia tio n  0 , the  sq u a re  to  the  

r ig h t  of the s ta r tin g  sq u a re  h as  d ev ia tio n  1, the  sq u a re  to  the  le f t 

of th e  s ta r t in g  sq u a re  h a s  d ev ia tio n  -1 , and  so  on* T hus a  sq u a re  

w ith  a  d ev ia tio n  D is  r e p re s e n te d  by the  b it 18 + D . A fte r  each  

sh if t, the  tap e  cond ition  T , h e re in  r e p re s e n te d  by a  sin g le  m ach ine  

w o rd  of th i r ty - s ix  b its ,  is  s to re d  in  a n  a p p ro p r ia te  tap e  tab le  TB-j 

c o rre sp o n d in g  to  the  c a rd  index  i  c a lle d  an d  th e  d ig it j  in  th e  scan n ed  

sq u a re . The sh if t-n u m b e r  a t  th a t tim e  and  th e  d ev ia tio n  of the  

scan n ed  sq u a re  a r e  a ls o  s to re d  in  the  accom pany ing  ta b le s . M ean

w hile  the  dev ia tio n s o f the  scan n ed  sq u a re  a f te r  each  sh ift a r e  f u r 

th e r  s to re d  in  a n o th e r  ta b le  ( c a lle d  the  d ev ia tio n  t a b le ), so  th a t the  

m ax im u m  d ev ia tio n  an^  t*xe m in im u m  d ev ia tio n  m ay

be d e te rm in e d  fo r  any  p o r tio n  o f th e  o p e ra tio n  of the  T u rin g  m ac h in e , 

sa y  be tw een  sh ifts  and  S% s h i f t s . . T h is  is  to  find  out how f a r  to
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Turing m achine

CARD 1
0 1 1 2 .
1 1 1 0

CARD 2
1 0 3 
1 1 1

O p era tin g  r e c o r d

Ol

U1
1 0-
W  

030 1 
0 1 

20 1 
O il

1 1 1 12J
1 1 1 1 -0 l
1 1 1 1 1 02
1 1 1 1 13 1
1 1 1 130 1
1 1 130 0 1
1 I30  0 0 1
I3O 0 0 0 1

O3O 0 0 0 0 1
O i l  0 0 0 0 0 1
1 I2O 0 0 0 0 1
1 1 0 i0 0 0 0 1
1 1 1 0 20 0 0 1
1 1 I 3 1 0 0 0 1
1 130 1 0 0 0 1
130 0 1 0 0 0 1

0 30 0 0 1 0 .0 0 1
O i l  0 0 0 1 0 0 0 1
1 I2 0  0 0 1 0 0 0 1
1 1 OlO 0 1 0 0 0 1
1 1 1 020 1 0 0 0 1
1 1 13 1 0 1 0 0 0 1
1 I30  1 0 1 0 0 0 1
130 0 1 0 1 0 0 0 1

CARD 3
0 1 0 1
1 0 0 3

F ig u re  5. - -  O p e ra tin g  r e c o rd  of the  T u rin g  m ach in e  w hose 
s e r i a l  n u m b er is  73136623 (o c ta l) show ing the  p a r t ia l  r e c u r r e n c e  
w ith  r ig h t  b a r r i e r .
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th e  r ig h t  an d  to  th e  le f t  the  scan n in g  h e a d  h a s  m oved  d u rin g  th is  

p o r t io n  of th e  o p e ra tio n  ( f o r  u se  in  find ing  th e  r ig h t  an d  th e  le f t  

b a r r i e r s ) • W henever a n  e n try  T is  m ade  in to  a  tap e  ta b le  and  

th e  tap e  ta b le  w as p re v io u s ly  n o n -em p ty , t e s t s  a r e  m ade  fo r  

r e c u r r e n c e  a s  fo llo w s. If  Tg is  a  p re v io u s  e n try  in  th e  ta b le  w ith  

a s s o c ia te d  sh if t-n u m b e r  sq  and  d e v ia tio n  Dq , and  s is  th e  s h if t -  

n u m b er and  D th e  d e v ia tio n  a s s o c ia te d  w ith  th e  p r e s e n t  e n try  T ,
Dq and  D a r e  c o m p a re d  • If Dq < D , m in im u m  d e v ia tio n  

is  d e te rm in e d  f ro m  th e  d e v ia tio n  ta b le  fo r  th e  o p e ra tio n  b e tw een  

Sq an d  s sh if ts  . T q is  sh if te d  le f t  18 + b its  an d  T sh ifted

le f t  18 + D m i n  + D -  Dq b i ts  an d  c o m p a re d . If th e  re s u l tin g  

lo g ic a l w o rd s  a r e  e q u a l, th e  T u rin g  m ach in e  o p e ra te d  on  is  d i s 

c a rd e d . O th e rw ise , T  is  te s te d  a g a in s t  a n o th e r  p re v io u s  e n try  

in  the  sa m e  tap e  ta b le  T B -  u n til  a l l  p re v io u s  e n t r ie s  in  th e  tap e  

ta b le  TB^j a r e  c h eck ed . If no r e c u r r e n c e  p a t te r n  is  found, the  

T u rin g  m ach in e  is  g iv en  one m o re  sh if t an d  th e  sa m e  p ro c e d u re  

goes on. S y m m e tr ic a l  p ro c e d u re s  ho ld  w hen  Dq > D . If 

Dq a  D , both D jyiax ant* ^M IN  a r e  d e te rm in e d  arM* T q and  T a r e  

c o m p a re d  f ro m  b its  D + to  D + by the  u se  of a  m a sk .

A  bound o f f if ty  is  s e t  fo r  th e  s h if t-n u m b e r  w ith  a  c h ec k  fo r  

s p i l l  p ro v id ed  w h en ev e r th e  m ag n itu d e  of the  d e v ia tio n  e x ce ed s  

s e v e n te e n . T h is  i s  to  in s u re  th a t th e  p o r t io n  of the  tap e  scan n e d  

c a n  be c o n ta in ed  e n tir e ly  in  a  s in g le  m ach in e  w o rd ; and  th e  b o th - 

w ays in fin ite  p o r tio n s  of th e  tap e  to  the  r ig h t  and  to  the  le f t  o f the  

s q u a re s  r e p r e s e n te d  by th e  t h i r ty - s ix  b it  m ach in e  w o rd  w hich  

have  n e v e r  b e en  scan n ed  c a n  th e r e f o re  be a s s u m e d  to  c o n ta in  a l l  

0 's  in  a l l  in s ta n c e s .  If th e  m ach in e  do es no t show  the  r e c u r r e n c e  

p a t te r n  a f te r  f if ty  s h if ts ,  i t  is  r e ta in e d  in  th e  m ach in e  ta b le  and  

p r in te d  out l a te r  a s  a  11 h o ld o u t11.

The r e s u l t s  o f th is  m o d e s t e f fo r t  w e re  qu ite  u n ex p ec ted .



In  a l l  fou r lo ts ,  on ly  fo r ty  ho ldou ts w e re  le f t  • T hat th e s e  fo r ty  

ho ldou ts a r e  a l l  n e v e r - s to p p e rs  w ill  be show n in  the  nex t se c tio n . 

In F ig u re  6 below , we give the  d e sc r ip tio n s  of th e se  fo r ty  h o ld 

outs in  te rm s  of th e i r  o c ta l 11 s e r i a l  n u m b ers  11.

L ot 1 L ot 2 L o t 3 L ot 4

73037233 . 73676261 70537311 70513754
73137233 73736122 70636711 70612634
73137123 71536037 70726711 70712634
73136523 73336333 72737311 72377034
73133271 71676261 71717312 72377234
73133251 73336133 72211715 72613234
73132742 73236333 72237311
73132542 73236133 72311715
73032532 72317716
73032632 72331715
73033132 72337311
73033271 72337315
73073271
73075221

F ig u re  6. - -  The fo r ty  h o ld o u ts .
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CHAPTER IV

THE FO RTY  HOLDOUTS

A s s ta te d  in  C h a p te r  III, th e re  re m a in e d  fo r ty  T u rin g  m a 

c h in e s  w hich  the  c o m p u te r  p ro g ra m  fa iled  to  e lim in a te . A cco rd in g

to  o u r p lan , th e se  fo r ty  ho ld o u ts  w e re  ch eck ed  by hand , and  th ey
• >
w e re  a l l  re c o g n iz e d  to  be n e v e r - s to p p e r s  by in sp e c tio n  of th e ir  

o p e ra tin g  r e c o r d s .  T he F ig u re s  7, 8 and  9 show  som e ty p ic a l c a s e s .  

To i l lu s t r a te  the  m ethods u sed  to  show  th a t th ey  a r e  n e v e r - s to p p e r s ,  

w e d is c u s s  in  d e ta il  tw o a d d itio n a l c a s e s  below .

A s o u r f i r s t  c a s e ,  w e c o n s id e r  th e  ho ldou t w hose o p e ra tin g  

r e c o r d  is  show n in  F ig u re  10. The c a rd s  of th is  m ach in e  a r e  a s  

fo llo w s.

CARD 1
0 1 1 2
1 1 1 0

CARD 2
0
1

0 0 3
1 1 2

CARD 3
0
1

1 0 1 
1 0 3

By in sp e c tin g  i ts  o p e ra tin g  r e c o r d  (F ig u re  10), we o b se rv e  th a t the  

fo llow ing  tap e  s i tu a tio n  a p p e a rs  re p e a te d ly .

T h is  le a d s  to  th e  q u e s tio n  o f w hat h ap p en s n ex t w hen  w e have th is  
type  of tap e  s itu a tio n . A  g lan ce  a t  C a rd  3 r e v e a ls  th a t  th e  s t r in g

of 1 's  is  f i r s t  ex ten d ed  to  the  le f t  by one. L e t u s  u se  th e  code nam e

X TN D L fo r  th is  o p e ra tio n . A fte r  th is ,  a  le f t  sh if t  is  m ad e  (co d e

n am e G O T O L ), and  c o n tro l  is  t r a n s f e r r e d  to  C a rd  1. C a rd  1 o rd e r s

p r in tin g  a  1 o v e r a  0 (M A RK ); th e re  fo llow s a  seq u en ce  of sh if ts  to

th e  r ig h t, a f te r  w hich  c o n tro l  is  t r a n s f e r r e d  to  C a rd  3 a t  th e  r ig h t

25
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O il

F ig u re  7. 
s e r i a l  n u m b er i

26

Ol

Ol
0 3

Ol
°3

02

02

02

°2

CARD 1
0 1 1 2
1 1 I 0
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o£ the  s t r in g  ( F R E  fo r  find  r ig h t  end  of the  s t r in g  of l ' s ). T h is 

v e rb a l  d e s c r ip t io n  b eco m es  m o re  in tu itiv e  by  th e  u se  of th e  fo llow 

ing " f lo w c h a r t11, w hich  in d ic a te d  c le a r ly  th a t  th e  m ach in e  h as

F R E

MARK

GOTOL

e n te re d  in to  a  loop  w ithou t e x it ( the  s t r in g  m e re ly  g e ts  lo n g e r and 

lo n g e r to  th e  l e f t ).

Now le t  u s  s t a r t  th is  m ac h in e , w ith  i ts  C a rd  1, on  a n  a l l - 0  

ta p e . A f te r  th e  seco n d  sh if t , th e  tap e  s itu a tio n  I 3 a r i s e s  w h e re  

th e  leng th  of th e  s t r in g  is  one . F ro m  th is  p o in t on  th e  seq u en ce  

of e v en ts  i s  show n  by the  a b o v e ’flo w c h a rt and  i t  is  c le a r  th a t  th is  

m ach in e  is  a  n e v e r - s to p p e r .

A s o u r se co n d  i l lu s t r a t io n ,  w e c o n s id e r  th e  ho ldou t w ith  the  

s e r i a l  n u m b er 73033132$ and  th e  fo llow ing c a r d  d e s c r ip tio n .

CARD 1
0 1 1 2
1 1 1 0

CARD 2
0 0 3 
0 1 2

CARD 3
0
1

0 1 1
1 0 2

To co m e to  a  s to p , th is  m ach in e  m u s t g e t a  tap e  s itu a tio n  w h e re  

C a rd  1 sc a n s  a  1, T P t r r  . Now C a rd  1 is  c a lle d  only if  

C a rd  3 sc a n s  a  0; an d  in  th is  c a s e ,  to  g e t th e  s to p  s itu a tio n , w e 

shou ld  have  a  1 to  the  r ig h t, | O3 1 l"" | f • Now th is  s i tu a 

tio n  can n o t o c c u r . Indeed , C a rd  3 is  c a l le d  only  if  C a rd  2 sc a n s
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a  0 and  a s  the  O -line of C a rd  2 show s, i t  o v e rp r in ts  the  sq u a re  by a  0 

and sh if ts  to  the  le f t . H ence C a rd  3 w ill a lw ay s s c a n  a  sq u a re  w ith  

a  0 to  the  r ig h t. Thus we se e  th a t the  s to p  s itu a tio n  is  n e v e r re a c h e d  

by th is  m ach in e .

L e t us note th a t  the  a p p ro a ch e s  u se d  in  th e se  two i l lu s tra t io n s  

involve im p o rta n t id e a s , ( "  f lo w c h a r t" and  " b a c k - t r a c k in g " )  o f 

g e n e ra l  u se  in  v a r io u s  f ie ld s .



C H A PT ER  V 

SH(3) AND M ISCELLANEOUS COM M ENTS

A s m en tio n ed  e a r l i e r ,  the  r e s u l ts  o f o u r e f fo r ts  w e re  qu ite  

u n ex p ec ted . O rig in a lly , 3 - c a rd  T u rin g  m ac h in e s  show ing th e  

in d u c tio n  p a tte rn s  of th e  " h o ld o u ts "  w e re  d is c o v e re d  and  p r o 

g ra m s  w e re  d e v ise d  to  e lim in a te  th e m . T h is a p p ro a c h  p ro v e d  

to  be  d iff ic u lt and  of l i t t le  u se , s in c e  on ly  a  few  cou ld  be e lim in a te d . 

H ow ever, i f  one shou ld  a tte m p t to  s e t t le  the  B B -4  o r  th e  B B -5  

p ro b le m , e ff ic ie n t p ro g ra m s  to  e lim in a te  the  T u rin g  m ac h in e s  

show ing th e s e  p a t te r n s  m u s t  be d e v ise d  s in c e  th ey  w ill  be  n e c e s  - 

s a r i ly  too  n u m ero u s  to  c h ec k  by hand . A lso , new  p a tte rn s  m u s t 

show  up  fo r  in c re a s in g  c a r d  n u m b e rs , s in c e  w e know th a t  £](n) 

is  n o n -co m p u tab le  [ 2 ] .

C o n ce rn in g  the  c o n je c tu re  th a t  SH(3) ~ 21, w e no te  th a t 

SH(3) £  SH*(3) + 2, w h e re  SH*(3) is  th e  m ax im u m  of s(M ) fo r  

v a lid  B B -3  e n tr ie s  M n o rm a liz e d  in  th e  m an n e r d is c u s s e d  in  C hap 

t e r  H I. We find  f ro m  o u r w o rk  th a t  SH*{3) = 21, so  th a t SH(3) §  23. 

H ow ever, i f  th e re  is  a  v a lid  B B -3  e n try  M w ith  s(M ) = 22, th en  

upon  re n u m b e rin g  th e  c a rd s  of M { re a d ju s tin g  the  c a llin g  in d ic e s  

an d  c o n s id e r in g  a  m i r r o r  im age  if  n e c e s s a r y ) , we m u s t have  a  

n o rm a liz e d  v a lid  B B -3  e n try  M* in  o u r fo u r lo ts  w ith  e i th e r

(i) e(M *) » 21 an d  a t  l e a s t  one of th e  e n tr ie s  p ^ ,  p 2Q, p 3Q eq u al 

to  z e ro ;  o r  (ii) s(M *) a 20 and  a t  le a s t  tw o o f th e  e n tr ie s  p ^ ,

P3q e q u a l to  z e ro . A n in sp e c tio n  o f th e  p r in t-o u ts  fo r  the  20 and  

21 s h if te r s  show s th a t th is  do es no t h ap p en  ( F ig u re  2 ) ,  and  so 

SH(3) = 21.

32
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A q u e s tio n  w as r a i s e d  by  so m e  B B -n  e n th u s ia s ts  a s  to  w h e th e r  

a  m ax im u m  s c o r e r  in  th e  B B -n  gam e ( a  v a lid  e n try  in  th e  B B -n  

c la s s if ic a t io n  w ith  a  s c o re  of £ ( n ) ) m u s t a lw ay s have  a n  u n b ro k en  

s t r in g  of ones in  i ts  ou tpu t ta p e  w hen  i t  s to p s ;  th e  c o n je c tu re  being  

th a t  i t  m u s t . A n in sp e c tio n  of th e  p r in t-o u ts  fo r  the  five 6 - s c o r e r s  

show s th a t  th is  need  no t be the  c a s e  ( F ig u re  1 ) , and  th is  q u e s tio n  

i s  th e r e fo re  a ls o  s e t t le d .
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C H A PT E R  V I 

CONCLUSION

Should one a tte m p t to  ap p ly  th e  m eth o d  d e s c r ib e d  above to  

th e  p ro b le m  B B -1963, fo r  e x a m p le , th e n  d if f ic u ltie s  of p ro h ib itiv e  

c h a r a c te r  a r e  bound to  a r i s e .  In  th e  f i r s t  p la c e , the  n u m b er of 

c a s e s  b e co m es  a s t ro n o m ic a l ,  and  th e  s to ra g e  an d  e x e c u tio n  fo r  

the  c o m p u te r  p ro g ra m s  invo lved  w ill  d e fe a t an y  e f fo r ts  to  u se  

e x is tin g  c o m p u te rs . E v en  i f  w e a s su m e  th a t  som ehow  we m an ag ed  

to  sq u e ez e  th ro u g h  th e  c o m p u te r  th e  p o r t io n  of o u r  a p p ro a c h  in 

v o lv in g  p a r t i a l  r e c u r r e n c e  p a t te r n s ,  the  n u m b er of " h o ld o u ts "  

m ay  be e x p ec te d  to  be e n o rm o u s . O v er an d  beyond su c h  "p h y s ic a l"  

d if f ic u lt ie s , th e re  is  th e  b a s ic  fa c t  of th e  n o n -c o m p u ta b ility  of 

^  (n), w h ich  im p lie s  th a t  no s in g le  f in ite  c o m p u te r  p ro g ra m  

e x is ts  th a t  w il l  fu rn ish  th e  v a lu e  of ]T(n) fo r  e v e ry  h . A c c o rd 

ing ly , th e r e  s e e m s  to  be a t  p r e s e n t  no ju s t i f ic a t io n  fo r  th e  a s s u m p 

tio n  th a t  £](n) i s  e ffe c tiv e ly  c a lc u la b le  fo r  e ac h  in d iv id u a l n . 

E v id e n tly , th e s e  c o m m en ts  su g g e s ts  a  n u m b er o f q u e s tio n s  r e 

la tin g  to  th e  B B -n  p ro b le m  w hich  s e e m  to  be beyond th e  re a c h  

of p re s e n t ly  know n m e th o d s . T hus i t  a p p e a rs  th a t  c la r if ic a t io n  

o f th e  id e a  of a  " g iv e n "  n o n -n eg a tiv e  in te g e r  m ay  be a  f ru i tfu l  

an d  c e r ta in ly  d iff ic u lt e n te r p r i s e .
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C H A PT E R  I

INTRODUCTION

T he s tu d ie s  p re s e n te d  in  th is  r e s e a r c h  o r ig in a te d  w ith  th e  

fo llow ing  o b se rv a tio n s  re la t in g  to  g e n e ra l  r e c u r s iv e  fu n c tio n s (se e  

K leene  [ l ]  fo r  te rm in o lo g y ) . L e t  G R F  be  th e  c la s s  o f g e n e ra l  

r e c u r s iv e  fu n c tio n s .' By a  b a s ic  th e o re m  in  M a th e m a tic a l L o g ic , 

e v e ry  g e n e ra l  r e c u r s iv e  fu n c tio n  c a n b e  co m pu ted  by a  T u rin g  m a 

c h in e , H e n ce , i f  w e deno te  by  TC th e  c la s s  o f fu n c tio n s co m p u tab le  

by T u rin g  m a c h in e , th e n

(1) G R F  C T C .

N ext, i t  is  e a s y  to  s e e  th a t  an y  g iv en  T u rin g  m ach in e  c a n  be s im 

u la te d  on  an y  g e n e ra l-p u rp o s e  c o m p u te r . H en ce , i f  w e d en o te  by  

CC th e  c la s s  of n c o m p u te r-c o m p u ta b le  " fu n c t io n s , th e n

(2) TC C C C .

A c tu a lly , th e  c la s s e s  G R F , T C , CC a r e  id e n tic a l;  but fo r  o u r 

p r e s e n t  p u rp o se s  th e  p a r t i a l  r e s u l t s  (1 ), (2) a r e  su ff ic ie n t. A s 

r e g a rd s  (2 ), l e t  u s no te  th a t  a  T u rin g  m ach in e  o p e ra te s  on  a  p o 

te n t ia l ly  b o th -w ay s in fin ite  ta p e , w h ile  a n  a c tu a l  c o m p u te r  h a s  only  

l im ite d  ' ' f a s t  s t o r a g e " .  H o w ev er, by going on  tap e  i f  n e c e s s a ry ,  

a n  a c tu a l  c o m p u te r  h a s  a ls o  p o te n tia lly  in f in ite  s o tr a g e ,  an d  th is  

fa c t  e n a b le s  u s  to  s ta te  and  p ro v e  (2) .

In  v iew  of (1) an d  (2), e v e ry  g e n u a l  r e c u r s iv e  fu n c tio n  is  

p ro g ra m m a b le  fo r  a n y  g iv en  g e n e ra l-p u rp o se  -comput<rr; a c c o rd 

in g ly , p ro b le m s  in  M a th e m a tic a l L og ic  re la t in g  to  c o m p u tab ility , 

d e c id a b ility  a n d  so lv a b ility  a r e  a c c e s ib le  to  s tu d y  by  m ea n s  o f 

c o m p u te rs . T hus i t  a p p e a rs  th a t  su ch  p ro b le m s  c a n  be fo rm u la te d

1



an d  s tu d ie d  in  a n  e n t i r e ly  c o n c re te  m a n n e r ;  n a m e ly , a s  p ro b le m s  

re la t in g  to  c o m p u ta b ility  by  a c tu a l  c o m p u te rs .

H o w ev er, c e r ta in  b a s ic  i s s u e s  e m e rg e  if  th e  lin e  o f study  

su g g e s te d  by  th e  p re c e d in g  c o m m e n ts  i s  p u rs u e d . L e t  u s  f i r s t  

no te  th a t  by  fu n c tio n  w e m e a n  in  th e  p r e s e n t  c o n te x t an y  fu nc tion  

f  o f an y  f in ite  n u m b er o f v a r ia b le s  su c h  th a t  th e  fu n c tio n  an d  th e  

v a r ia b le s  a s s u m e  only  v a lu e s  th a t  a r e  n o n -n eg a tiv e  in te g e r s .  C on

s id e r  now a  c o n s ta n t fu n c tio n  of a  s in g le  v a r ia b le  x ; l e t  u s  d eno te  

su ch  a  fu n c tio n  by f  (x ), w h e re  q  i s  th e  c o n s ta n t v a lu e  o f d ie  

fu n c tio n . By d e fin itio n , f^(x} b e lo n g s ( a s  a  s o -c a l le d  in i t ia l  

function) to  d ie  c la s s  G R F  o f g e n e ra l  r e c u r s iv e  fu n c tio n s , and  

h e n ce  i t  sh o u ld  be "  c o m p u te r -c o m p u ta b le 11 ,  Now, e v id e n tly , to  

p ro g r a m  th e  c o m p u ta tio n  o f f^ (x ), th e  c o n s ta n t v a lu e  q  m u s t  be 

"g iv en 11 in  a  v e ry  c o n c re te  s e n s e ,  s in c e  i t  i s  a n  in p u t i te m  fo r  the  

p ro g ra m . O n th e  o th e r  h a n d , th e  m a jo r i ty  o f m a th e m a tic a l  lo g i

c ia n s  s e e m  to  f e e l  th a t  i t  i s  su ff ic ie n t to  know th a t  q  is  un iquely  

d e te rm in e d  by  so m e  s e t  o f c o n d itio n s . T o  m ak e  th is  p o in t c le a r ,  

l e t  u s  c o n s id e r  a n  e x tre m e  i l lu s t r a t io n ,  p ro p o se d  by so m e  m a th e 

m a t ic a l  lo g ic ia n s . L e t q  be d ie  t ru th -v a lu e  of d ie  R ie m a h n  hypo

th e s is  o n  th e  ro o ts  e l  th e  z e ta - fu n c tio n  ( th a t  i s ,  q  = 1 i f  th e  R ie -  

m an n  h y p o th e s is  is  t r u e ,  and  q  = 0 i f  th e  R ie m a n n  h y p o th e s is  is  

f a l s e ). T h en  q  i s  u n iq u e ly  d e te rm in e d ; an d  th e  c o n s ta n t fu n c tio n  

fq(x) i s  a ls o  un iquely  d e te rm in e d ; and  i t  i s  a  m e m b e r  o f the  c la s s  

G R F  (s in c e  i t  i s  a  c o n s ta n t fu n c tio n ), H en ce , th e re  e x is ts  a  T u 

r in g  m ach in e  M th a t  co m p u tes  th e  v a lu e  o f f  (x) fo r  e v e ry  x ; in  

p a r t i c u la r ,  i t  c o m p u tes  q  * f^ (0 ), and  th u s  i t  r e v e a ls  to  u s  w h e th e r  

th e  R ie m a n n  h y p o th e s is  i s  t r u e  o r  fh ls e .

M a th e m a tic ia n s  ( a s  d is tin g u ish e d  f ro m  m a th e m a tic a l  lo g i

c ia n s  ) w ill  p ro b a b ly  v iew  th is  m eth o d  to  s e t t le  th e  R ie m a n n  hypo 

th e s is  w ith  m ix e d  fe e lin g s . I t  i s  a ls o  c le a r  th a t  th e  t ru th -v a lu e  q  

o f th e  R ie m a n n  h y p o th e s is  i s  n o t " g iv e n "  (a t  p re s e n t)  in  a  m a n n e r



a d eq u a te  fo r  u se  a s  a n  inpu t i te m  in  a  c o m p u te r  p ro g ra m . Thus 

th e r e  a r i s e s  th e  is s u e  o f a s s ig n in g  to  th e  t e r m  " g iv e n  n o n -n e g a 

tiv e  in te g e r  " a  p r e c is e  m ean in g  th a t  c o in c id e s  w ith  " u s a b i l i ty  a s  

a n  inpu t i te m  in  a  c o m p u te r  p r o g r a m " .  In  th e  c o u rs e  o f a  c o r 

re sp o n d e n c e  on  th is  type  of i s s u e s ,  K leene  s ta te d , e s s e n t ia l ly ,  

th a t  a s  f a r  a s  he  know s su ch  a  p r e c is e  co n cep t is  no t a v a ila b le  a t  

p r e s e n t .  T he  p u rp o se  of th is  r e s e a r c h  is  to  c o n tr ib u te  to  th e  

c la r if ic a t io n  of th e  is s u e  so  r a i s e d  by  a  d e ta ile d  study  o f c e r ta in  

v e ry  c o n c re te  p ro b le m s  re la t in g  to  T u rin g  m a c h in e s . T h ese  

p ro b le m s  a ro s e  in  co n n ec tio n  w ith  th e  B usy  B e av e r lo g ic a l  g am e 

(s e e  R ado  [2] ) w hich  w e s h a l l  b r ie f ly  d e s c r ib e  in  th e  n ex t c h ap 

t e r .  T h is  q u ite  p r im it iv e  lo g ic a l gam e le d  to  p ro b le m s  w hich  , 

d e fie d  th e  e f fo r ts  o f a  n u m b er of e x p e r ts  w ho b e ca m e  in te re s te d  

in  i t .  T h is  g ro u p  o f  peop le  i s  r e f e r r e d  to  in fo rm a lly  a s  th e  In 

te rn a tio n a l  B usy  B eav e r C lub : i t  in c lu d es  e x p e r t  m a th e m a tic ia n s , 

lo g ic ia n s , an d  sk ille d  p ro g ra m m e rs .  P u b lish e d  r e s u l t s  a r e  c o n 

ta in e d  in  r e f e r e n c e s  [ 2] and  [ 3]  , In  th is  p r e s e n t  w o rk , we 

s h a ll  d is c u s s  a n d  so lv e  the  B B -3  p ro b le m  ( th e  B usy  B e av e r lo 

g ic a l  gam e in  the  3 - c a rd  c la s s i f ic a t io n ) .  We hope th a t  th is  a p 

p a re n t ly  v e ry  s p e c ia l  is s u e  w ill  h e lp  to  e lu c id a te  th e  d if f ic u ltie s  

in v o lv ed  in 'a s s ig n in g  a  p r e c is e  m ean in g  to  th e  in tu itiv e  co n cep t 

o f a  " g iv e n "  n o n -n eg a tiv e  in te g e r .



CHAPTER I I

TERMINOLOGY

We a s s u m e  a s  back g ro u n d  f a m il ia r i ty  w ith  th e  d is c u s s io n  o f 

T u rin g  m a c h in e s  in  K leene [ l ]  • We s h a l l  o p e ra te  w ith  b in a ry  

T u rin g  m a c h in e s  w ith  th e  a lp h a b e t 0* 1 ,  In  th e  w ay  of i l l u s t r a 

tio n , c o n s id e r  th e  fo llow ing T u rin g  m a c h in e .

CARD 1 
0 | 1 1 2 
1 1 1 3

CARD 2
0 I 1 0 1
1 1 1 2

CARD 3
0 I I  0 2
1 1 1 0

A ctually*  a  T u rin g  m ach in e  i s  n o t a  m achine* but r a th e r  a  p ro g ra m  

( s e t  o f in s t r u c t io n s ) sp e lle d  ou t in  a  fix ed  fo rm at*  a s  i l lu s t r a te d  

a b o v e . T he in s tru c tio n s  a r e  sp e c if ie d  on  a  f in ite  n u m b er of " c a r d s " ;  

th u s  th e  above f ig u re  show s a  3 - c a r d  T u rin g  m a c h in e . T he t e r m  

"  c a r d  "  s e e m s  to  be  p re fe ra b le  to  th e  t e r m  "  s ta te  "  o r  "  in te rn a l  

c o n f ig u ra tio n "  * s in c e  th e  id e a  of a  T u rin g  m ach in e  is  n o t d epend 

e n t  upon  p h y s ic a l c o m p u te rs . L e t u s  a ls o  note th a t  fo r  r e a s o n s  of 

co n v en ien ce  w e d e v ia te  f ro m  K leene  by no t p e rm itt in g  a  "  c e n te r  

s h i f t " . .  On e a c h  c a r d ,  th e  le f t - m o s t  co lu m n  c o n ta in s  th e  a lp h a b e t 

0 * 1 ,  T he n ex t co lu m n  to  th e  r ig h t  c o n ta in s  th e  "  o v e rp r in t  by  "  

in s tru c t io n . The nex t co lu m n  to  th e  r ig h t  c o n ta in s  th e  sh if t  in s t r u c 

tio n *  w h e re  0 is  th e  code  fo r  le f t  shift* I  i s  th e  code fo r  r ig h t  

s h i f t .  T he r ig h t- m o s t  co lu m n  show s th e  " c a l l "  in s tru c t io n ;  i t  

show s th e  index  of the  c a r d  to  w hich  c o n tro l  is  t r a n s f e r r e d .

In  th e  " c a l l "  positions*  w e m ay  h av e  any  one of th e  c a rd
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