
Ay = Ci(Ay'), At = c2(At') (117) 

and if equation 116 holds, the numerical 
solutions likewise will be the same at 
corresponding mesh points. Thus, for a 
finite plate, the thickness should be broken 
up into the same number m of space inter­
vals, and the period into the same number 
n of time intervals, to obtain this numerical 
agreement. The value of these conclusions 
in saving expensive calculations and tests 
is manifest. 

On the other hand, if for a case where 
the finite-difference solution could be 
made identical, with At and Ay unchanged, 
the numerical solutions need not agree in 
the manner described. They will differ, 
however, in the same manner as the solu­
tions for the same physical problem, but 
with different Ay and At. 

In only one case does Table I show results 
for two runs having constant f/b2, Hm, and 
the same numbers m and n. These are 
the 5th and 13th entries, and they do 
show the correct 1:2 loss ratio, namely 
731:1,462 watts per meter2. Had these 
dimensional considerations occurred to 
us earlier, it would have saved calculating 
the 13th entry altogether. 

The dimensional analysis can even be 
extended to include stretching modifications 
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in the shape of the B-H curve, by replacing 
equation 1 with 

H'=f(B') (118) 

where 

H=c4H', B = cbB' (119) 

and where c4 and c$ are constants. Sub­
stitution into equation 6 shows that , in 
the primed variables, the form of the 
equation is preserved provided tha t 

While solutions that have not been 
carried to complete convergence are always 
open to suspicion, we believe that the 
calculated power loss ratios shown in 
Table I reflect not so much lack of con­
vergence as discrepancies resulting from 
the degree of approximation inherent in 
the different mesh sizes employed. This 
opinion is based upon extensive comparison 
of the finite-difference approximation solu­
tions with the exact solutions in the linear 
(constant μ) case. 

Admittedly, the initial computer pro­
gramming, "debugging," and numerical 
analysis experimentation were time-con-

T. RADO 

TH E C O M M E N T S presented in this 
paper are intended to assist in clarify­

ing basic concepts and in selecting realistic 
objectives in the field of artificial intelli­
gence. In this field, many research ob­
jectives outlined by various workers are 
viewed with considerable pessimism by a 
significant number of other workers. 
Explicitly s ta ted reasons for this pessimism 
range from apparen t conflicts with estab­
lished facts in mathemat ica l logic on the 
one hand to the apparent impossibility of 
implementat ion in terms of actual com­
puters on the other hand. T h e present 
writers feel t h a t much of the disagreement 
stems from vagueness of terminology as 
regards both basic concepts and basic ob­
jectives. 

In this paper, a t ten t ion is called to 
certain problems which are extremely 
primitive conceptually and ye t exhibit 
certain features quite relevant for s tudy 
in the field of artificial intelligence. T h e 
authors ' mot ivat ion in presenting these 
issues is their belief t h a t the realistic s tudy 
of artificial intelligence may be expected 
to yield novel methods and insights which 
should be of decisive importance in m a n y 
fields. 

suming, and millions of calculations were 
involved for each case considered. Yet, 
actual production runs were relatively short 
and inexpensive. Average computer time 
on the IBM 7090 was about 1 minute per 
run. 

To be sure, the expense of numerical 
computing machine procedures cannot be 
matched against "limiting nonlinear" theory 
for high saturation, nor are they intended 
to replace experimental tests and empirical 
formulas summarizing the results of such 
tests. Yet we believe the numerical 
solution of Maxwell's nonlinear equations, 
with the aid of computing machines, will 
prove increasingly useful in the future. 
I t is potentially more accurate than the 
limiting nonlinear theory, especially when 
the saturation is not so high as to justify 
the replacement of the curve in equation 
1 by two horizontal straight lines; it is 
applicable to a variety of boundary condi­
tions corresponding to equations 10 through 
17, and for different types of B-H curves. 

The main reason for including the com­
parison of the computed solutions with 
test results was to establish confidence in 
the numerical method. I t can now be 
applied to other, more difficult, cases for 
which empirical equations and approximate 
theories are not available. 

Turing Machines 

For conciseness, definiteness, and con­
ceptual simplicity, we shall use Turing 
machines with the alphabet 0, 1 to illus­
t ra te various fundamental points. An 
excellent presentation of Turing machines 
is available in Kleene's book. l Hence, we 
restrict ourselves here to indicate some 
notat ional conventions we shall use for 
convenience. Fig. 1 illustrates a Turing 
machine with ALPHABET 0 , 1 . The sym­
bols G , G, etc., mean card 1, card 2, etc. 
We use the te rm "ca rd" ra ther than the 
usual te rms internal configuration or in­
ternal state since the lat ter terms may dis­
courage persons unfamiliar with the in-
sides of computers. 

On each card, the left-most column con­
tains the ALPHABET 0, 1. The next 
column to the right contains the OVER­
P R I N T BY instruction ; the next column to 
the right contains the SHIFT instruction, 
where 0 is the code for a LEFT SHIFT and 1 
is the code for a RIGHT SHIFT. The right­
most column contains the subscript of the 
card tha t is called to assume control after 
the shift, with the understanding t ha t a 0 
(zero) in this column is the code for the 
STOP instruction. Note t ha t we do not 
allow a CENTER S H I F T ; thus , the machine 
mus t shift r ight or left after the execution 
of an OVERPRINT BY instruction. This 
deviation from Kleene's terminology is 
qui te convenient in many situations. We 
assume the reader will work with the ma-
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Fig. 1 (above). A 6-card machine 

Fig. 2 (right). All-zero tape 

chines presented until he understands 
their operation. 

In the sequel, machine means a Turing 
machine with the 0, 1 ALPHABET, given in 
terms of any finite number of cards in 
the format just described. Thus, Fig. 1 
shows a particular 6-card machine. A 
machine operates on a potentially both-
ways infinite tape divided into squares, 
each of which contains a 0 (zero) initially 
(all-zero tape), as shown in Fig. 2. 

INPUT 

An input for a machine is obtained by 
indicating where the machine should start 
and by replacing the O's by l's in any 
finite number of squares. In particular, 
the number of these squares may be 
equal to zero; the input is then the all-
zero tape. Furthermore, the 1 squares 
need not be consecutive. Fig. 3 shows 
two possible inputs containing at least 
one 1. 

The three dots at both ends in Fig. 3 
indicate that all the squares to the right 
and left contain O's, while the arrow in­
dicates the starting position. The ma­
chine always starts with its card 1 in con­
trol. Fig. 4 shows the operating record 
of the 6-card machine in Fig. 1 for the 
input on the right side of Fig. 3. The 
number and subscript below the square 
indicate the card number and the content 
of the square before the overprint action 
effected by the card, respectively. 

OUTPUT 

In the case illustrated in Fig. 4, the 
machine of Fig. 1 stops after five shifts, 
and the output consists of the input 
and two additional l's as shown, the 
machine stopping in the position indicated 
by the 0 for STOP in the part of the figure 
below the tape. I t is instructive to see 
what happens if the machine of Fig. 1 re­
ceives the input of Fig. 5. The operating 
record for this case is shown in Fig. 6. 

Now the machine of Fig 1 never stops; 
after the third shift, it oscillates back and 
forth on two adjacent squares. The ex­
pression for this is that it "goes into a 
loop." 

A machine is actually a plan of opera­
tion, spelled out in a standardized form. 
If the machine and the input including 
the starting position are given, then the 
sequence of events—the operating record 
—is completely determined. An inter­
esting exercise is to discover the number 
of C-card machines for each positive in­
teger C. If we denote by Nl the number 
of C-card machines, then it is easy to see 
that 

(1) JVC=[4(C + 1)]2C 

For example : 

iV1 = 82 , iV 2 =12 4 , iV 3=16 6 , iV4 = 208 , 
iV5 = 241o, iV6 = 2812 (2) 

Evidently, Nc grows very fast as C 
increases. But even for small card-
numbers, Nc is quite large. For instance 

JV3=166 = 16,777,216 

N* = 208 = 25,600,000,000 

Nb = 2410 = 63,403,380,965,376 

(3) 

(4) 

(5) 

Thus we see that Nc is of astronomical 
size, even for low values of C. 

A Primitive Problem 

Consider the positive integers, 1, 2, 3, 
4, 5, 6, etc. The integers 1, 3, 5, etc., are 
ODD; 2, 4, 6, etc., are EVEN. Human be­
ings of normal intelligence learn easily to 
identify any given positive integer as ODD 
or EVEN, or, as we shall say, to determine 
PARITY. Let us now return, to achieve 
conceptual simplicity, to the stone age in a 
sense. According to ample archeological 
evidence, the caveman kept business 
records in the form of notches carved on 
sticks. To avoid using heavy equipment, 
let us consider a record, or a count, in the 

form of a finite sequence of consecutive l 's 
on a tape as explained in the preceding 
section. For conciseness, we shall call an 
input consisting of a finite or nonzero 
number of consecutive l's an INPUT 
STRING. Fig. 7 shows two INPUT STRINGS. 

Let us agree that the starting position 
for INPUT STRINGS is always the right-most 
1 of the string, as indicated by the arrow 
in Fig. 7. 

An INPUT STRING is termed ODD or EVEN 
according as the number of l's in the 
string is ODD or EVEN. Thus the INPUT 
STRING on the left in Fig. 7 is ODD, while 
the string on the right is EVEN. 

The primitive problem we want to 
consider is how to formulate a plan to 
determine the PARITY of any given INPUT 
STRING. To make the problem definite, 
we require that a report should be pre­
sented in the format shown in Figs. 8 
and 9. 

In Fig. 8, the INPUT STRING is ODD; for 
this case, we require (in addition to the 
input string) that the report consist of a 1 
printed on the second square to the left of 
the INPUT STRING. For an EVEN INPUT 
STRING, as illustrated in Fig. 9, we require 
that the report consist of the INPUT STRING 
and of two l's, printed into the second and 
third squares to the left of the INPUT 
STRING. Furthermore, we require that 
the plan should be stated in the form of a 
machine (Turing machine with the 
binary ALPHABET 0, 1), which is to yield 
for every INPUT STRING the correct report 
in the format just explained. In addi­
tion, the machine should stop in the 
position indicated by ** in Figs. 8 and 9, 
respectively. 

After some experimentation, the reader 
may easily set up a machine that meets 
these requirements. Let us call such a 
machine a P-machine, standing for PARITY 
MACHINE. The reader may readily con­
vince himself that the machine of Fig. 1 
is a P-machine by assigning a few INPUT 
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us to replace the inequality 6 by the better 
inequality 

4o 

Fig. 4. Operating record 

STRINGS and executing the instructions 
indicated in the cards of Fig. 1. Actually, 
the plan spelled out in this figure consists 
of two parts. First, the PARITY is deter­
mined, using the idea involved in the 
"She loves me. she loves me not" method. 
Then the report is made up in the required 
format. 

An Optimality Problem 

After some experimentation with the 
6-card P-machine, the reader will observe 
that the second lines (1-lines) of cards 3, 
4, 5, and 6 are not used at all in determin­
ing the PARITY of INPUT STRINGS. This 
raises the question whether it is possible 
to set up a P-machine with fewer than six 
cards. 

For convenient reference, we denote 
by cP the smallest possible number of cards 
that a P-machine may have. Since we 
have actually exhibited a 6-card P-
machine, it is clear that 

Cp^Q (6) 

DEFINITION 

A P-machine is C-optimal (optimal with 
respect to the number of cards used) pro­
vided that the number of its cards is equal 
to cp. 

OPTIMALITY PROBLEM 

To find a C-optimal P-machine presents 
an optimality problem, typical in many 
ways of those encountered in the theory 
and use of automatic systems, including 
computers. Furthermore, various basic 
difficulties, relevant for artificial intelli­
gence, are revealed in a concrete manner, 
uncluttered by technical and conceptual 
complications. Accordingly, the writers 
feel justified in discussing this deceptively 
primitive problem in some detail. 

The approach that suggests itself in 
view of the inequality, equation 6, is to 
survey the class of machines with 5 cards 
to see if there exists a 5-card P-machine. 
The number of 5-card machines is astro­
nomical; see equation 5. Hence, it is 

evident that we need some plan to carry 
out the search for a 5-card P-machine. 
Now it would seem that such a plan should 
be directly available. Indeed, somebody 
did succeed in finding a 6-card P-machine 
—the P-machine of Fig. 1. The dis­
coverer must have followed some plan, 
since the number of 6-card machines is 
even more astronomical than the number 
of 5-card machines. 

It is entirely reasonable to assume 
that this plan should be a valuable guide 
in searching for a 5-card P-machine. 
In fact, the interested reader may easily 
justify this plausible assumption. We 
observed that the 6-card P-machine first 
determines the PARITY of the INPUT 
STRING, using the idea of "She loves me, 
she loves me not." Then it prepares the 
report in the required format. After some 
experimentation, the reader should be­
come aware of short cuts in accomplishing 
these objectives. In any case, the authors 
had little trouble in finding by this method 
the 5-card P-machine shown in Fig. 10, 
in which the hyphens indicate that the 
second lines (1-lines) of cards 3 and 4 are 
not used in determining PARITY. 

While the reader may be elated by 
discovering his own 5-card P-machine, he 
will surely realize that the optimality 
problem is not yet solved. Indeed, the 
discovery of a 5-card P-machine enables 

cPu5 (7) 

But we still do not know whether cp<5; 
in fact, the presence of two unused lines 
in Fig. 10 suggests that there exists a 4-
card P-machine. Furthermore, it is 
plausible that we shall discover such a 
machine by observing the way the 5-card 
P-machine of Fig. 10 does the job, and 
noticing after a while some short cut. 
In any case, this is what the authors tried 
to do ; but when they finally found the 4-
card P-machine shown in Fig. 11, some­
thing new was added to the idea of just 
looking for short cuts. 

The reader who hand-checks this 4-card 
P-machine for a few INPUT STRINGS will 
note that the machine performs an ap­
parently useless step; namely, it first 
prints a 1 in the square separating the 
INPUT STRING from the report (1 or 11), 
and then overprints this 1 by a 0 just in 
the nick of time. This illustrates a very 
basic phenomenon in the design and use 
of machines of any kind. At first, human 
beings try to design machines which 
simulate what human beings would do; 
this stage may be called the "anthropo­
morphic stage. ' ' However, this approach 
may be quite inefficient. Evidently, an 
automobile walking on two mechanical 
legs would be far less efficient than one 
rolling on wheels. 

Briefly, optimal design and use of 
machines generally requires a complete 
breakaway from the initial anthropo­
morphic approach; more picturesquely, 
we may say that we have to dehumanize 
our approach if we want to obtain optimal 
design. On a very modest scale, this 
point is illustrated by the printing of a 
"useless" 1 in the course of the opera­
tion of the 4-card P-machine of Fig. 11. 
This step makes no sense from the 

Fig. 5. Input for 
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Fis. 7. Two INPUT STRINGS 

anthropomorphic point of view ; rather, it 
takes advantage of the particular manner 
in which Turing machines operate. In 
the present case, the reader will soon 
realize that the design of card 3 in Fig. 11 
represents a dehumanizing idea. 

This philosophical discourse is meant 
to clarify the situation we have to face 
now in trying to solve our optimality 
problem. Our discovery of a 4-card P-
machine enables us to sharpen the in­
equality 7 to the inequality 

Cp^4: (8) 

However, the presence of an unused line, 
indicated by hyphens in Fig. 11 suggests 
that there may exist a 3-card P-machine ; 
in any case, this possibility must be in­
vestigated to solve completely our op­
timality problem. 

The authors regret that they could 
neither find a 3-card P-machine, nor prove 
the nonexistence of same. Accordingly, 
some plan must be devised to settle this 
point in a definitive manner. In the 
absence of any plausible approach based 
on our experience in finding successively 
the 6-card, 5-card, 4-card P-machines, a 
natural thought is to delegate the task of 
searching for a 3-card P-machine to a 
computer program. Many would agree 
that this objective is quite simple con­
ceptually and technically; yet we run into 
a number of basic difficulties in this rela­
tively simple undertaking. 

Equation 3 stated that the number of 3-
card machines is 

N3= 16,777,216 

While quite large, this number certainly is 
not astronomical, even for actually exist­
ing computers. Therefore, a computer 
search cannot be dismissed as unrealistic 
on its face. In fact, this idea is quite 
analogous to the basic problem of finding 
the optimal design of a system in terms 
of available or assigned components. 
Using this analogy, a computer program 
to achieve our present objective should 
consist of three parts; it should: 
Part 1. Generate, in a systematic 
manner, the description of all the 16,777,-
216 machines with three cards, in a form 
usable by a digital computer. 
Part 2. For each one of these machines, 
simulate by the computer the operating 
procedure of the machine for INPUT 
STRINGS as previously defined. 

Part 3. For each machine, decide and re­
port in some prescribed format whether or 
not the machine is a P-machine. 

Parts 1 and 2 present no difficulty. 
Indeed, jointly with younger associates, 
Parts 1 and 2 were programmed for 
several computers, in connection with 
problems arising in the Busy Beaver 
logical game; see reference 2. However, 
Part 3 presents difficulties of a high order. 
Let M* be an individual 3-card machine. 
To qualify as a P-machine, certainly M* 
must come to a stop after a while for every 
INPUT STRING and, in addition, it must 
report PARITY correctly. Thus our com­
puter program should decide, as part of the 
total job, whether or not M* will stop if 
presented with any INPUT STRING. NOW 
this is an even more exacting task than 
the famous halting problem; see reference 
3. This is known to be generally un-
decidable for essentially primitive and yet 
quite deep logical reasons. This nega­
tive result is just one of a whole class of 
results in modern mathematical logic 
which relate to undecidability, unsolva-
bility, and noncomputability.3 The in­
terested reader may find some very primi­
tive instances for these phenomena.2 

For our present purposes, we merely note 
the following implication: There is no 
assurance that there exists a computer 
program that is capable of executing 
Part 3. 

This frustrating implication should not 
be interpreted to mean that our problem 
will never be solved. Indeed, the same 
frustrating implication applies if we want 
to find out whether or not there exists a 
6-card, 5-card, or 4-card P-machine. 
Yet we did answer these three questions 
affirmatively, although, significantly, not 
by a programmed process, but rather by 
reliance upon the mysterious faculty of 
the human mind called intuition—more 

precisely, intuition strengthened and re­
fined by experience. 

The basic question regarding artificial 
intelligence as it seems to us is whether 
nonprogrammed mental processes derived 
from intuition can be spelled out explicitly 
in the form of a program or algorithm 
whose execution requires no understand­
ing or insight and hence can be delegated 
to a machine. In many cases, this is 
possible; in others, as previously ex­
plained, this may be impossible for logical 
reasons. 

To clarify this point further, let us re­
turn to the discovery of the 4-card P-
machine. Suppose we ask, after one such 
machine has been discovered, the follow­
ing question: Just how many 4-card P-
machines are there? To answer this 
question in terms of a computer program, 
we would again need a program to solve 
an aggravated form of the halting problem 
for 4-card machines ; there is no evidence 
that such a program exists at all. An­
other pertinent observation is the follow­
ing : The discovery of a 4-card P-machine 
was accomplished by using intuition 
rather than a computer program. How­
ever, once such a machine has been dis­
covered, the execution of its instructions 
requires no insight, understanding or 
intelligence; the execution can be dele­
gated to a computer. Observe that, by 
going on tape, a computer has at its 
disposal potentially infinite storage. 

Truncated Problems 

We repeat that a P-machine should re­
port PARITY correctly for every INPUT 
STRING. Since there are infinitely many 
INPUT STRINGS, the question is whether the 
difficulties outlined are due to the re­
quirement that a machine should do a 
certain job correctly in infinitely many 

Fig. 8 (right). Format 
for reporting ODD 

string 

Fig. 9 (below). 
Format for reporting 

EVEN string 
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cases. Some may feel that such a re­
quirement is unrealistic, and hence the 
comments presented in the preceding 
sections are essentially irrelevant, at 
least as far as engineering implementa­
tion is concerned. 

This objection certainly deserves serious 
consideration ; therefore, we might modify 
our optimality problem as follows: Let 
us assign a positive integer L, and define 
a P-L-machine as a machine that reports 
PARITY correctly for all INPUT STRINGS 
which contain not more than L l's; that 
is, INPUT STRINGS of length not exceeding 
L. Let us say that a machine is a C-
optimal Ρ-Ζ,-machine if the number C 
of its cards is as small as possible, and cPL 
is the smallest possible card-number for 
all P-L-machines. 

The truncated optimality problem re­
quires the determination of a C-optimal 
P-L-machine. Since the P-machines of 
the preceding sections are evidently P-L-
machines for every choice of L} the dis­
cussion in those sections shows that we 
have to decide whether or not there exists 
a 3-card P-L-machine. Our task seems 
to be quite simple in principle. Let M* 
be an individual 3-card machine ; we have 
to decide whether it reports PARITY cor­
rectly for all INPUT STRINGS of length not 
exceeding the fixed number L. Since 
there are 16,777,216 machines with 3 
cards, we have therefore to answer 

LX 16,777,216 questions 

Large as this number may be, it is still 
finite, apparently giving us a finite prob­
lem, but one with basic difficulties. If we 
consider an individual 3-card machine M* 
and an individual INPUT STRING i*, to 
decide whether M * reports the PARITY of 
i* correctly, we should be able to decide 

whether M* will stop after a while if pre­
sented with the INPUT STRING i*. After a 
little experimentation, the reader will find 
that in some cases it is quite hard to 
answer this question. And, judging by 
our own experience, he will be at a loss to 
formulate a finite set of criteria which 
would automatically determine whether 
the machine will ever stop. 

This problem can be truncated further 
by specifying the number of shifts allowed 
as a function of X, the length of the INPUT 
STRING. For example, the maximum 
number of shifts allowed might be X + 1 0 . 
The cases to be investigated then would 
be all three card machines with INPUT 
STRINGS of length not exceeding L and, 
for operating records, not exceeding X+10 
shifts. This problem can be solved using 
the methods referred to in the next para­
graph. 

Suppose that, just to gain experience, 
we simplify the situation by merely ask­
ing whether a given 3-card machine will 
ever stop if started (with its card 1) on an 
all-zero tape. This particular question 
has been studied extensively by the 
authors in connection with the subject of 
sequential circuits. Many computer pro­
grams were written to answer this ques­
tion; these programs grew larger and 
larger as more and more criteria for 
stoppers were covered. These programs 
were the results of co-operative efforts of 
experienced mathematicians and skilled 
programmers, and were run on some of the 
finest existing computers. Yet this ex­
tremely primitive-looking problem was 
still unsolved when this paper was pre­
sented, and probably most of the partici­
pants in the studies felt that perhaps it 
would always remain so. But since then, 

this problem has been solved by T. Rado 
and one of his graduate students, S. Lin. 

Finite Problems and Proofs 

The view is often expressed that finite 
problems are solvable, subject to limita­
tions of a purely technological character. 
To illustrate a basic point in this connec­
tion, let us recall some facts from the 
field of optimal design of multiple-input 
multiple-output 2-level networks. There 
are now available various methods for 
this problem of optimal design ; the heart 
of these methods is some way to reduce 
the fantastically astronomical number of 
possibilities to a search area of manageable 
size. However, even systems of modest 
size, say systems with six input lines and 
five output lines, may turn out to be 
exasperating "monsters"; after all avail­
able methods have been used, the search 
area is still hopelessly large. Accordingly, 
research efforts are directed toward fur­
ther reductions of the search area. 

A very basic point emerges in this con­
nection: How can we be sure that the 
optimal case is still contained in the re­
duced search area? Evidently, this can­
not be accomplished by actual inspec­
tion, due to the unmanageable number of 
cases. Hence, for every method to re­
duce the search area, there must be given 
a proof—an argument based on logical 
reasoning—that the baby has not been 
thrown out with the bathwater. The 
point is that even in dealing with finite 
problems, we may have to validate our 
procedure by mathematical proof, since 
actual inspection of all possibilities is out 
of the question. We stress this need for 
mathematical proofs, not merely as a 
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matter of annoying necessity, but also 
for the reason that adequate understand­
ing and potential improvements of a 
method are best achieved as experience 
shows by searching and discovering a 
proof that the method works. In other 
words, mathematical proofs are impor­
tant aids in research, as demonstrated by 
the experience of centuries. 

Change of Format 
Returning to our optimality problem 

for P-machines, we recall that it is still 
unsolved, since we were unable to deter­
mine whether there is a 3-card P-machine. 
Indeed, as far as evidence now available 
is concerned, our optimality problem will 
perhaps never be solved. 

A very basic point emerges now. In 
formulating our optimality problem, we 
specified carefully the input format and 
the output format. As regards the out­
put format, the essential feature was 
that the machine should report parity in a 
prearranged form or code. Now evidently 
we could choose some other code for the 
report. To be specific, let us modify the 
concept of a P-machine by modifying the 
report code (output format) as illustrated 
by Figs. 12(A) and 12(B). 

If the INPUT STRING is ODD, then the 
machine should stop under left-most 1 of 

Summary: Some common analytical and 
numerical techniques of finding the maxi­
mum or a minimum of multivariable 
functions are presented. The analytical 
methods given are Lagrange's method of 
undetermined multipliers, linear and dy­
namic programming; the numerical 

Paper 63-335, recommended by the AIEE Systems 
Science Committee and approved by the AIEE 
Technical Operations Department for presentation 
at the IEEE Winter General Meeting, New York, 
N. Y., January 27-February 1, 1963. Manuscript 
submitted October 31, 1962; made available for 
printing December 5, 1962. 
ABRAHIM LAVI is with the Carnegie Institute of 
Technology, Pittsburgh, Pa. 

116 

the INPUT STRING, as indicated in Fig. 
12(A); if EVEN, the machine should stop 
under the second 0 to the left of the INPUT 
STRING as in Fig. 12(B). For clarity, let us 
call a machine that reports PARITY in this 
format a P*-machine. Other require­
ments remain as before. Our new 
optimality problem is then to find a C-
optimal P*-machine. Since we merely 
changed the required format of the output 
by changing the code in which the machine 
is to report PARITY, there is no a priori 
reason to expect that the modified prob­
lem is less prohibitive than the original. 
Yet, the new problem is in fact trivial. 
Indeed, the reader will readily convince 
himself that the 2-card machine of Fig. 
13 is a P*-machine. Since evidently a 
1-card machine cannot be a P*-machine, 
the machine in Fig. 13 is a C-optimal P*-
machine, solving our optimality problem. 

The fact that a change of format in 
formulating a problem may be of enor­
mous importance is of course well known. 
In a general way, in the sciences and in 
technology, a change of format consists of 
modifying the theoretical model used. 
The heliocentric theory of our solar 
system is a famous example of the far-
reaching consequences of an appropriate 
change of the theoretical model ; the ever-
accelerating progress in the sciences and 
in technology in modern times is due 
essentially to the constant search for more 
and more fruitful theoretical models. 
Our purpose in illustrating this basic 
point by the modest example of the P*-
machines is to suggest that the search for 
appropriate formulations of concepts and 
objectives in the field of artificial intelli­
gence may be equally rewarding. 

methods given are the univariate, factorial, 
steepest-ascend or -descend, and direct 
search. Wherever possible, examples are 
worked out to illustrate the applicability 
and the limitations of the method as well 
as the mechanics of obtaining a solution. 

THE fast development of our tech­
nology in the past decade has caused 

an awareness on the part of engineers and 
scientists that the traditional sharp divid­
ing lines among the disciplines of engineer­
ing, science, and mathematics are more 
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Conclusions 

The examples discussed in this paper 
show that a number of basic theoretical 
and practical difficulties relevant for 
research in artificial intelligence arise even 
in problems that are truly primitive con­
ceptually and technically. Furthermore, 
as suggested by our remarks on change 
of format, the selection and precise word­
ing of basic concepts may be a decisive 
factor in achieving progress. 

As the history of sciences and tech­
nology reveals, many of the finest accom­
plishments were adjudged as forever un­
attainable by leading experts of some 
earlier period. Accordingly, the rather 
frustrating picture presented here should 
not be construed to mean that research 
on artificial intelligence is a sterile enter­
prise. In the light of the lessons of 
history, the task of the present generation 
is to appreciate the enormous theoretical 
and practical difficulties involved, and to 
strengthen and refine our technical skill 
by selecting problems that are uncluttered 
by irrelevant complications. The authors 
believe that the study of conceptually 
simple and sufficiently representative 
problems has led the way in the past to 
significant advances. 
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fictitious than real. The emergence of 
multidiscipline and interdisciplinary ac­
tivities in government, in industry, and 
lately, in our universities, are the by­
product of these phenomena. I t is only 
natural that such activities should be 
identified, and hence, the names "system 
engineering" and "systems sciences." 

There have been various definitions of 
system engineering1.2 and there is not 
really room for more. Two of the attri­
butes of the "systems" of interest here are 
complexity and cost. I t is, therefore, 
mandatory that such complex and ex­
pensive entities be utilized to the limit of 
their capacity; that is, they should be 
optimized with respect to certain criteria. 
Such optimization may be the minimiza­
tion of cost, the maximization of reliability, 
or the shortening of the manufacturing 
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